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Damage Evolution Modeling in Orthotropic
Laminated Composites
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and
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Composites have inherent scatter in elastic and strength properties. A probabilistic model utilizing random
material characteristics to predict damage evolution in orthotropic laminated composites is presented in this
paper. The proposed model is based on the division of laminated composites into a statistically large number of
mesoelements (mesovolumes). The mesovolume is assumed to be large enough to be structurally homogeneous,
and at the same time it has to be comparatively small to satisfy the condition of stochastic homogeneity of stress
and strain fields. Three modes of mesovolume failure, i.e., fiber breakage and matrix failure in the transverse
direction as well as matrix shear cracking, are taken into account. Damage formation in a ply and in a laminate
as a whole for a given plane stress state is calculated from the probabilities of mesovolume failure. These
probabilities are directly utilized in reducing ply material constants. A numerical algorithm for damage
accumulation and deformation history predictions for orthotropic laminated composites are developed. The
behavior of a laminated orthotropic composite is presented as an illustrative example. Analysis of angle-ply
Kevlar/epoxy laminates subjected to tension, compression, and shear loading is performed. The effect of
scatters in elastic and strength characteristics on damage evolution is shown.

Nomenclature
Ay = laminate stiffnesses
D = dispersion characteristic
E\, £2,
GU> v\2 = laminate elastic constants

hk
h,§1
rc

o

= lamina elastic constants
= lamina thicknesses
= laminate thickness
= lamina stiffnesses in material axes
= lamina stiffnesses in laminate axes
= laminate cumulative damage function
= l/n, >22> ^12!> laminate damage functions
= [rfi, 7*22, rf2], lamina damage functions
= laminate compliances
= lamina orientation angles
= t en» €22, e12], laminate strains
= lamina strains
= upper failure bound for ply strains
= lower failure bound for ply strains
= [^n* #22> ^12], laminate stresses
= lamina stresses
= random characteristic
= mean value
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Introduction

P OLYMER fiber reinforced composites subjected to loads
undergo multiple damage formation on several structural

levels that corresponds to their complex structural hierarchy.
Matrix cracks in unidirectionally reinforced plies of laminated
composites are initiated at the early stage of loading, and their
accumulation and evolution have a considerable affect on
fiber breakage and delamination growth as well as leading to
the final failure of the composite.

A continuum damage mechanics approach was applied to
analyze composites in Refs. 1-3. The results had shown that
the phenomenological damage evolution law proposed for a
composite subjected to a complex in-plane stress field allows a
satisfactory description of the deformation of a material up to
the final failure under various loading paths. Although dam-
age related parameters of the model can be easily obtained
from experiments, the phenomenological approach does not
account for all of the observed mechanisms of microdamage
formation and evolution in reinforced composites.

Probabilistic modeling in conjunction with fracture micro-
mechanics of composites is a promising approach for the
prediction of failure and reliability characteristics of com-
posites. It takes into account inevitable variation in properties
of the constituents as well as scatter of composite structural
parameters. In Refs. 4 and 5 the probabilistic analysis of
composite strength and effective properties was carried out
using the Monte Carlo simulation technique. The simulation
procedure required extensive computational resources for
any new set of structural parameters and properties of the
constituents.

An analytical probabilistic approach to the reliability analy-
sis of laminated composites was developed in Refs. 6-8. In
these papers, a theory of random scalar and vector field excur-
sions was applied for computing the probability of seldom
excursions of a random stress-strain field beyond the limiting
surface, confining a multidimensional parallelepiped defined
by deterministic7 or random8 ultimate strengths. The method
was applied to reliability analysis of anisotropic composite
shells having a random field of initial imperfections.

The topic of the present paper is the probabilistic modeling
of damage evolution in orthotropic laminated composites,
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treated as a quasistatic process of damage accumulation in
each ply.

Problem Formulation
Consider an orthotropic laminated composite consisting of

unidirectionally reinforced laminae with initial stochastic elas-
tic material properties Ek

Q9 Ek
Q, Gf2(), vk

2Q. Index k denotes the
ply number. Laminate lay-up is described by ply orientation
angles ak and ply thicknesses hk. Load increment applied to a
laminate results in random stress-strain field in each ply. Even
at very low levels of applied load a nonzero probability of ply
failure exists, and damages start to accumulate in the compos-
ite. Accumulation of damages causes a reduction in laminate
stiffness and a redistribution of stresses between plies.

Assume that in-plane stresses applied to a composite are
monotonically increasing functions of a parameter t, a/(Y) =
[<7n(0» ^22(0» ^12(0]» with parametric derivatives <7/(0- Ran-
dom deformations of the composite can be then calculated
using integral equations

e/(0 = dr (1)

where S// are current effective laminate compliances. They
depend on the current elastic properties of laminae and com-
posite lay-up.

SU(T) = ), Gf2(r), ?*(T), cf\ (2)

The current elastic constants of laminae are functions of the
initial elastic constants and the current damage functions.

), Gf2(r), ?*(

0, rf(r)] (3)

Damage functions may be calculated using ply random
stress-strain field parameters and some appropriate failure
criteria.

Ply stress-strain field parameters are calculated, in turn, from
known composite strains e/ [Eq. (1)].

— P\f.k(T\ Fk(r\
—— * i e i \')9 ^1 \IJ9 ), Gf2(r), (5)

L, M, R, K, and P are stochastic functional operators to be
specified. According to this approach, current composite elas-
tic properties and, therefore, composite deformations and
damage functions are dependent on loading history. To inte-
grate Eq. (1), we need to calculate the stochastic stress-strain
field which depends on the stochastic material properties and
the deformation history. The failure criterion [Eq. (4)] should
be chosen to obtain damage functions. The stiffness reduction
algorithm due to damage accumulation in plies [Eq. (3)] has to
be specified.

Random Stress-Strain Field Parameters Calculation
Assume that stochastic elastic characteristics of laminae Ek,

EI* G?2> v\2 are statistically independent and normally dis-
tributed random numbers. They_can be described using math-
ematical mean values Ek, E\, Gk

2, vk
n and dispersions DEf,

DE^ Do{29 A{2- The mathematical mean value and dispersion
of a function of independent random variables y =/(xi,
X29 • • • 9 xn) can be calculated as follows:

xn)
(6)

Using Eq. (6) and classical lamination theory9 and assuming
that composite lay-up is symmetric, the parameters (mean
values and dispersions) of random fields can be calculated in
the following sequence: 1) stiffness coefficients of plies in
material axes Q^[Ek

Q9 Ek
Q, Gk

2Q,Jk
2o]l 2) stiffness coefficients

of plies in laminate axes Q\f\Q^, a*];_3) laminate effective
stiffnesses AijlQ^, hk], compliances S//L4/,], and apparent
constants E{, EJ, Gf2, ^f2[v4/7]; 4) laminate strains e/[S//, a/];
and 5) ply strains ek[e/, ak] and stresses of [ef, QJJ].

In the case of a damaged composite, current elastic proper-
ties of laminae have to be used in step 1 instead of the initial
properties, as well as the integral equations for the laminate
strains calculation in step 4.

Ply Failure Criteria
The maximum strain criterion is applied to calculate the

probability of failure of individual laminae. The ply failure is
considered independent of the stacking sequence of the lami-
nate. This is a simplifying assumption. In the case of deter-
ministic failure strains, each ply is assigned limiting failure
strains in tension and compression, e\k and e"k, respectively.
These limiting values are the same in magnitude for shear
strain. In the case of stochastic failure strains these are normal
distributions. Normal distribution instead of Weibull distribu-
tion is considered because it is more conservative and the
differences between the two distributions are insignificant at
low scatter.10 The probability of ef to exceed deterministic
border t'f is simply the area under differential distribution of
ef on the right side of the upper bound e'k (see Fig. 1), and can
be calculated from integral distribution Fe* of ply strain by
using Eq. (7).

(7)

Fig. 1 Schematic representation of normal distribution of strain and
deterministic failure strain bound.

Fig. 2 Schematic representation of normal distributions of strain
and failure strain.
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For stochastic failure strains i{* (see Fig. 2), the probability
that if will exceed i-* can be calculated as the probability of
random difference efk -if to be negative.

rf=Fe f_e f(0) (8)

Parameters of the integral distribution F€;*_c* can be calcu-
lated as

(9)

Taking into account both upper and lower bounds, efk and
e/'*, and assuming that strain field excursions beyond the two
bounds are statistically independent events, the following ex-
pressions for rk can be derived:

1) Deterministic bounds e/*

2) Random bounds i{*

(10)

(11)

It is easy to show that the second case is reduced to the first
case when D^k = D^k = 0.

Effect of Damage on Ply Stiffness
To use the information about failure probability we need to

specify how it is realized in the composite, i.e., when and how
much damage of different types emerge and how the damages
effect the current mechanical properties of the composite.
Assume that there are three types of damages related to three
in-plane deformations in each ply ef = [ek

n, e22, ek
2]. Failure

type due to e^ exceeding the critical bound can be associated
with fiber breakage, and failures due to €22 and ek

2 can be
associated with matrix cracking in transverse to fiber direction
and in shear, respectively.

Assume that each ply consists of a certain number of
mesovolumes, structurally homogeneous, i.e., containing a
sufficient amount of reinforcing fibers, and comparatively
small to satisfy the condition of stochastic homogeneity of
stress and strain fields. Initial random characteristics of plies
are equal to respective mesovolumes characteristics. Assume
that each of the mesovolumes can be either perfect or broken
in the fiber direction or/and in the transverse direction or/and
in shear. Therefore, at every current state of loading, the
relative numbers of broken mesovolumes in plies for each type
of failure are proportional to the probabilities of failure rk. In
the limiting case of the infinite number of mesovolumes in ply,
the proportionality becomes equality. Thus, we can interpret
the numbers rk = [rfi, r22t rk

2] as relative counts of broken
mesoelements of three failure modes in each ply.

The accumulation of damages in composite laminae causes
an apparent stiffness reduction of laminate and stress redistri-

r=0.75

r=0.25
r=0.0

bution around the microcracks and between the plies. This
process is very complicated and modeling damage accumula-
tion using microlevel consideration, in general, is not
amenable to analytical studies. The probabilistic imitation
approach4 has led to a certain success in the area but it is
computationally extensive and needs many simplifying as-
sumptions.

It is assumed in this paper that mesoelement failure in a
certain direction causes deterioration of properties in the same
direction. Failure of the rk fraction of all mesoelements in the
/th direction of the kth ply will result in the reduction of ply
elastic modulus in this direction. It is proposed that the math-
ematical mean values of ply elastic moduli decrease with dam-
age accumulation according to the following hypothesis:

(12)

but relative standard deviations remain constant

(13)

Fig. 3 Schematic representation of stiffness distributions at various
damage levels.

According to this algorithm, damage accumulation in the ply,
during laminate loading, evokes the shift of ply moduli dis-
tributions toward the zero direction and narrows these distri-
butions proportionally to decreased stiffness. Changes in sta-
tistical distributions of stiffness resulting from damage
accumulation according to the proposed algorithm of stiffness
reduction are illustrated in Fig. 3.

This simple approach does not take into consideration
micromechanical phenomena like stress redistribution around
single cracks or cracks interaction, but does take into account
gradual stiffness reduction due to damage accumulation in
plies and stress redistribution between them.

Algorithmic Development
A computer code is developed for calculating the response

of orthotropic laminated composites using the described ap-
proach. Incremental loading is set in the program according to
given parametric derivatives a/ and Eq. (1) is integrated nu-
merically. On each step of loading, the damage functions rk

accumulated up to the previous step are used to calculate the
current elastic properties of material and laminate strain incre-
ments. It is assumed that complete failure of the composite
occurs when any of the current effective elastic moduli of
composite E\, E2, G\2 becomes equal to zero (in computer
code: equal to small number). The program is written in
"Mathematica" language.

Composite stiffness reduction during a load increment is
implemented by an iterative procedure. Damage functions are
iteratively calculated and used for calculating deformations at
the same load step until the damage functions do not change
during two subsequent iterations. However, it is realized that
for sufficiently small load increments an iterative procedure is
unnecessary. The results presented in this paper are obtained
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without employing an iterative procedure. Sufficiently small
load increments were chosen in the calculations.

Numerical Results
The basic feature of the proposed method is the consider-

ation of the stochastic nature of stress and strain fields in the
laminate due to stochastic stiffness and strength properties of
laminate constituents. In addition, the concept of mesovolume
as a building element for laminated composites is introduced.
Stochastic characteristics of mesovolumes should be known to
perform the analysis. They can be obtained experimentally
using small specimens or can be calculated using some appro-
priate micromechanical models. Experimental statistical data
for Kevlar/epoxy unidirectional composite presented in Ref.
11 are used for the mesovolume material properties definition.
It is assumed that mesovolumes are linearly elastic until the
failure. However, inelastic behavior of mesovolumes can be
easily incorporated in the algorithm. The random elastic and
strength (critical strain bounds) characteristics are listed in
Table 1. The standard deviations of the random characteristics
were calculated from their 95% confidential intervals given in
Ref. 11, using well-known statistical formulas. Note that the
mesovolume concept assumes that the mesoelements are much
smaller than the laminate in size. There are statistically large
numbers of mesoelements in each ply so that the probability of
failure can result in failure of a proportional number of
mesoelements. Use of experimental data from Ref. 11 to ob-
tain the mesovolume properties dictates that the following
analysis is valid for larger laminates than experimental speci-
mens. If the laminated composite is about the same size as the
unidirectional samples, data reduction should be performed to
obtain mesovolume properties. Data reduction procedures are
beyond the scope of this paper.

The capability of the method is illustrated by considering an
example of a Kevlar/epoxy laminate. Laminate lay-up is [907
60/-60/0]5. A complex, linearly increasing load was applied
with parametric derivatives a/(0 = [5t,lOt,2t] MPa (Fig. 4).
Continuous lines, dashed lines, and dash-dot lines in the fol-
lowing figures correspond to 11, 22, and 12 variables in lami-
nate coordinate axes, respectively. Calculated composite
strains are plotted in Fig. 5 as functions of the loading param-
eter t. Damage functions rf = [rfi, r£2, rf2] for each ply are
shown in Fig. 6. Damage is assumed to be identical in symmet-
ric plies. In Fig. 7, the average content of damages of different
types in the laminate

In

is shown and the cumulative damage function of a laminate as
a whole

/3

is plotted in Fig. 8.
Damages of different types appear long before the final

composite failure of the laminate in the analyzed loading case.

Table 1 Material properties for the Kevlar/epoxy lamina11

Characteristic

£1, GPa
£2, GPa
Gi2, GPa
V\2
e'n
e"n
e 22
e"22
e'i2, e"i2

Average
value

74.9
4.65
1.877
0.35
0.0171

-0.00478
0.00283

-0.0141
± 0.0256

Standard
deviation
2.22
0.16
0.033
0.031
0.002
0.00024
0.00016
0.0011
0.0079

Relative
standard

deviation, %
2.97
3.44
1.76
8.86

11.7
5.2
5.6
7.8

30.8

I
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Fig. 4 Applied stresses as functions of loading parameter.
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Fig. 5 Deformation behavior of [90/607 - 60/0]s laminate.

First, at a very low load, about 10-20% of the final strength,
matrix transverse tension cracks occur in 90, - 60, and 0 plies
(Figs. 6 and 7). Note that a positive (in tension) bound of
mesovolume strain in the transverse to fiber direction is very
small (see Table 1). At load levels of about 50 and 65% of
final strength, fiber breakage in plies 60 and 90 occurs due to
tension, respectively. Starting approximately from 40% of
strength, matrix damages in shear are accumulated in 90,
-60, and 0 plies. Finally, the laminate breaks after the fiber
damages in — 60 ply. The cumulative damage function in Fig.
8 shows that the final failure starts to develop rapidly only
after about 15% of all of the possible damages in the plies are
accumulated. Apparent stiffening of the composite in the zero
direction after about 1% deformation (Fig. 5) is due to the
Poisson's contraction in this direction because of the laminate
intensive stretching in the transverse direction. Current effec-
tive laminate elastic moduli (Fig. 9) show the deterioration of
laminate properties under loading. Note that the observed
apparent stiffening of the material is a direct consequence of
the damage accumulation in the laminate.

Figures 10 and 11 show the average damage accumulation
for the laminate when the calculations are carried out by using
deterministic strain bounds of mesovolumes instead of
stochastic bounds. Comparison of Figs. 7 and 10 and Figs. 8
and 11 indicates a late start and the abrupt character of
damage accumulation process in the latter case. Analysis for
different lay-ups and loads showed a considerable effect of
scatters in mesovolumes characteristics on laminate deforma-
tion and damage accumulation. The remaining examples pre-
sented in this paper are for stochastic failure bounds.

Stress-strain diagrams for Kevlar/epoxy angle-ply laminates
subjected to tensile loading are shown in Fig. 12. The laminate
lay-up is [ + a, - a]s with a being equal to 15, 30, 45, 60, and
75 deg, respectively. Damage functions for different types of
damages are shown in Fig. 13. Note that plies with opposite
orientation behave identically in angle-ply laminates under
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tion, this cracking is due to compressive strains in the plies,
but for the 60- and 75-deg fiber orientations, it is due to tensile
strains. Gradual matrix cracking in shear is observed for an-
gle-ply laminates with fiber orientations of 30, 45, and 60 deg,
but almost no shear damage occurs in 15- and 75-deg angle-ply
laminates. It is interesting to note that only two of the lami-
nates analyzed have a small amount of fiber damage appear-
ing just before the ultimate failure, namely, 15- and 45-deg
angle-ply laminates. Other laminates develop no fiber break-
age up to the ultimate failure. Angle-ply laminates with 30-
and 60-deg orientations have a large damage content at failure
(Fig. 14) due to both shear and tensile failure accumulation in
the matrix. Figure 15 shows stress-strain behavior of angle-ply
laminates under compressive loading. The total average
damage accumulation under compressive loading is shown in
Fig. 16.

Results of shear analysis of angle-ply laminates are plotted
in Figs. 17 and 18. Angle-ply laminates with angles of ply
orientation symmetric to about 45 deg have the same response
in shear, so only data for the 15-, 30-, and 45-deg laminates
are shown, together with the unidirectional composite data.
Unlike longitudinal loading, plies with different orientation in
angle-ply laminates have distinct damage parameters under
shear loads. Figure 18 shows that all angle-ply laminates under
shear have high ultimate damage contents due to at least two
different kinds of damage accumulation in the laminas. In
each laminate analyzed, first a matrix transverse cracking
occurs in the ply with a negative angle of orientation (due to
tension) and then fiber breakage takes place in the same ply
due to compression. Matrix and fiber damage in the ply with
positive fiber orientation occur subsequently. The amount of
shear matrix cracks rapidly decreases with the increase of fiber

O . i

8P
C3

T3

0 . 6

0 .4

I 0.2
u

20 40 60 80

Fig. 11 Total average damage formation in the laminate using deter-
ministic failure strain bounds.

Fig. 12 Stress-strain plots for angle-ply laminates under tensile
loading.
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Fig. 13
tudinal

Average damage formation in angle-ply laminates: a) longi-
b) transverse, and c) shear.

0 . 6

U

Fig. 14 Total average damage formation in angle-ply laminates sub-
jected to tensile load.

orientation from 0 to 30 deg. The shear damage is practically
nonexistent for the 45-deg laminate.

Since experimental results are not available for Kevelar/
epoxy composite laminates analyzed in this paper, a direct
comparison between theory and observed behavior is not pos-
sible. However, the experimentally observed behavior of an-
gle-ply laminates of other composites is characteristically sim-
ilar to the one presented in this paper (see Ref. 12). Staab and
Gilat13 recently investigated the effect of the strain rate on the
behavior of Scotchply type 1002 glass/epoxy in an angle-ply
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Fig. 15 Stress-strain plots for angle-ply laminates under compressive
loading.

0.

Fig. 18 Total average damage formation in angle-ply laminates sub-
jected to shear load.
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Fig. 16 Total average damage formation in angle-ply laminates sub-
jected to compressive load.

400

Fig. 17 Stress-strain plots for angle-ply laminates under shear
loading.
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Fig. 19 Experimental stress-strain relations for Scotchply 1002
glass/epoxy angle-ply laminates (Staab and Gilat13).

600

500

s "°
S 300
00
S 200

^ 100 60

0.5 3 .51.5 2 2.5 :

STRAIN (%)
Fig. 20 Analytical predictions of stress-strain behavior of SP 2507
S-2 glass/epoxy angle-ply laminate.

configuration. Tests have been conducted at strain rates of
approximately 10~5 1/s and 103 1/s. The stochastic material
property data are not avaliable for the material used in the
experimental investigation. Some of the material properties of
SP250/S-2 are close to a Scotchply type 1002 glass/epoxy
composite. Use of these material properties in the analysis
allows a qualitative comparision of predictions with experi-
mental observations. The material property information for
SP250/S-2 glass/epoxy composite necessary for the analysis
are given in Table 2.

Figures 19 and 20 compare the experimentally observed
stress-strain behavior for quasistatic loading with the analyti-
cally predicted behavior for ± 30, ± 45, and ± 60 angle-ply
laminates. Analytical predictions show the same trend as the
experimental observations. The quantitative difference may be
due to the difference in stiffness and strength properties of

Table 2 Material properties for SP 250/S-2 glass/epoxy and available
properties for Scotchply type 1002 glass/epoxy in parentheses

Characteristic

E\, GPa
£2, GPa
G\2, GPa
V I I

e ' l i
e"n
e 22
e"22
e'i2, e"l2

Average
value

49.4 (39.3)
16.3 (9.7)
6.35
0.28
0.0318 (0.0246)

-0.0222 (-0.0224)
0.003 (0.0021)

-0.0286 (-0.02)
±0.0219

Standard
deviation
0.48
0.34
0.33
0.01
0.0018
0.0006
0.0009
0.0068
0.00149

Relative
standard

deviation, %
0.98
2.11
5.21
3.57
5.66
2.7

30.
23.8
6.8
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Scotchply type 1002 and SP250/S-2 glass/epoxy materials.
Table 2 shows the available material properties of Scotchply
type 1002 glass/epoxy in brackets for comparison. The aver-
age failure strains are calculated from the available failure
stresses assuming a linear behavior up to failure in the material
directions.

Conclusions
A probabilistic model utilizing random material characteris-

tics to predict damage evolution in orthotropic laminated
composites is presented. A numerical algorithm for damage
accumulation and deformation history predictions for or-
thotropic laminated composites is developed. Behavior of a
laminated orthotropic composite is presented as an illustrative
example. Analysis of angle-ply Kevlar/epoxy laminates sub-
jected to tension, compression, and shear loading is per-
formed. The effect of scatters in elastic and strength charac-
teristics on damage evolution is shown.
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